In this paper, we will look at actions on complex flag varieties G P of the torusT = ⋂ α∈∆∖∆ P ker(α), and under reasonable assumptions, we will give a description of the set X us of unstable points forT -linearized invertible sheaves. We will investigate the case where P is a maximal parabolic subgroup, and show that X us can be written as a disjoint union of a Schubert variety and an opposite Schubert variety, and we deduce the vanishing of cohomology groups H i (Y, M) for invertible sheaves M on the quotient variety Y for i in a range given by the codimension of X us .
Introduction
If G is a reductive complex algebraic group acting on a variety X, the quotient space X G cannot in general be equipped with a structure of algebraic variety. The framework of Geometric Invariant Theory is useful to construct rational maps X → Y and open subsets U ⊂ X such that U → Y is a quotient map with good properties. We will recall in section 2 known facts about GIT, and we will translate what is needed in our setting. In this paper, we will look at torus actions on flag varieties via GIT. More precisely, we will obtain under reasonable assumptions a description of the unstable locus on flag variety G P for ample invertible sheaves linearized by a torus canonically associated to P with Theorem 3.2, and this description will be more accurate in the case of a maximal parabolic subgroup thanks to Proposition 4.6.
The first motivation to this work is given by the work of H. Seppänen and V. Tsanov in [13] , which consists of the investigation of semisimple groupĜ actions on full flag varieties G B, and torus actions correspond to the case "dual" to the semisimple case. The main difference is that when looking atĜ-actions on flag varieties, there much less possible linearizations, but more one-parameter subgroups than in the case of a torus action. The second motivation is given by the study of wonderful compactifications of some symmetric spaces done in [5] . It appears that all these varieties can be described as GIT quotients by C * of flag variety G P with P maximal parabolic subgroup of G. This examples will be recalled in the section 4.1.
Let G be a complex semisimple algebraic group, B be a Borel subgroup of G and T a maximal torus in B. In section 3.1, we will give an expression of the set of unstable points X us relatively to a T -linearized invertible sheaf on X = G B as a union of Schubert cells, and we will generalize this under nice conditions to X = G P . Namely, to mimic the nice combinatorics of the Weyl group W on the character lattice X of T and to avoid fixed points issues, we will have to look at actions of the subtoruŝ
on X, and we will define a subgroupŴ ⊂ W P which will have to play the same role than W for the character latticeX ofT .
In the last section, we will look closer to the case where P is a maximal parabolic subgroup of G, and we will refine our description to show that X us is actually a disjoint union of a Schubert variety X w and of an opposite Schubert variety w 0,P X ′ w . We will also give an explicit description of w and w ′ that could occur in such a way. This description allows us to compute the codimension of X us , that can be done when knowing only about W P . Since X is a flag variety, one obtain when the codimension l of X us is at least two the cancellation of the cohomology groups H i (Y, M) for M invertible sheaf on the quotient Y and for 1 ≤ i ≤ l − 1.
Generalities about GIT quotients
We will recall in this section some standard facts about GIT quotients and about their variations, following [12] , [6] and [2] . Let X be a complex irreducible algebraic variety acted on by a complex reductive group G. We say that π ∶ X → Y is a categorical quotient if it is G-invariant and if any G-invariant morphism X → Z factors through π. We say that a categorical quotient is good if it sends disjoints G-invariant closed subsets of X to disjoints closed subsets of Y , and if
G for all open subset U ⊂ Y . We say that a good categorical quotient is a geometric quotient if moreover π is surjective, and if its fibres are G-orbits.
Denote by Pic G (X) the set of G-linearized invertible sheaves on X modulo isomorphism. Let L be such a sheaf. A point x ∈ X is called semi-stable (with respect to L) if there is an integer n > 0 and an invariant section s ∈ H 0 (X, L ⊗n )
G such that its non-zero locus X s is affine and x ∈ X s . We will say that x is stable if it is semi-stable, if we can choose such a s such that G-orbits in X s are closed, and if its stabilizer G x is finite. A point x ∈ X is said unstable if it is not semi-stable. The semi-stable (resp. stable, unstable) locus with respect to L is denoted by
to its image is a geometric quotient.
We will now focus in the case where X is a projective variety, and L is ample. It follows that the algebra ⊕ n≥0 H 0 (X, L ⊗n ) is finitely generated, and G being reductive, so is its algebra of G-invariants. We have an isomorphism
We also have a good characterization of (semi-)stability thanks to the Hilbert-Mumford criterion, that we are going to recall. For all x ∈ X and for all one-parameter subgroup
. The Hilbert-Mumford criterion can then be stated as :
A natural question arising is the following : how to compare different quotients with respect to two different G-linearized ample invertible sheaves L and L ′ ? These relations are encoded by the so-called G-ample cone, of which we are going to recall the definition. We will say that L ∈ Pic G (X) is G-homologically trivial if its first Chern class is trivial, and if it has a trivial G-linearization, and we will denote by Pic
Remarks.

1) Moding out by Pic
G (X) 0 is not a problem when looking at GIT quotients : if L ∈ Pic G (X) 0 is ample, then for all x ∈ X and for all one-parameter subgroup 2) We should mention that in the case we will be interested in later, namely for flag varieties, Pic(X) 0 (hence Pic G (X) 0 ) will be trivial. This follows from H 1 (X, O X ) = 0, which says that the first Chern class map Pic(X) → H 2 (X, Z) is injective.
For lighter denominations, we will simply say that L ∈ NS G (X) is G-ample if it can be represented by a G-linearized ample invertible sheaf, and if it has semi-stable points. Now one should notice that if L and M are G-ample, then so is L ⊗ M, hence G-ample invertible sheaves span a semigroup in NS G (X). The G-ample cone is then defined as the convex cone spanned by G-ample sheaves in NS G (X) R ∶= NS G (X)⊗R, and will be denoted by C G (X).
Remark. It still makes sense to speak about (semi-)stability for x ∈ X wih respect to l ∈ C G (X). In [6] , the authors constructed from the functions µ(x, λ) a unique continuous function M (x) (which has to be thought as a weighted supremum of µ(x, λ), with weights depending on λ only) such that (1) for ample L ∈ NS G (X) and
; and it is easy to extend Hilbert-Mumford criterion to the whole cone C G (X) thanks to these properties.
We will say that H ⊂ C G (X) is a wall if there exists a x ∈ X with dim G x > 0 such that 
We can refine this partition of C G (X) by using the definition of cell of C G (X) ; a cell of C G (X) is a connected component of an equivalence class for the relation
Then one can notice that the (semi-)stable locus of l ∈ C G (X) is the same inside the cell F containing l, and we will denote them by X ss (F ) and X s (F ). Before focusing on the case of quotients by tori, it is worth mentioning the following property, which is proved in [6] (4.1.5) for cells which are not chambers, but whose proof is exactly the same for general cells.
Proposition 2.2. Let F be a cell with a nonempty intersection with the closure of another cell F ′ . Then
, which is surjective and birationnal when X s (F ) is nonempty.
From now on, we will assume that G is a torus T ≃ (C * ) n . Let X be an irreducible projective T -variety, and let L ∈ Pic(X) be very ample. Then we have an embedding
(X) whose image in NS(X) by forgetting the T -linearization is the homological equivalence class of some positive power of L, and let L(L) K be the convex cone in NS
, where K is Q or R (which will be a ray in NS
For all x ∈ X, σ induces for all t ∈ T a morphism
for some χ x ∈ X (T ). Now notice that χ ∶= χ x does not depend on x (since X is irreducible, it is enough to cover X by T -invariants open affine subsets and use the rigidity of tori), and it does not depend on the L ′ in Pic
and that this couple is not unique (since such a L is not).
We can now write again Hilbert-Mumford criterion :
Again, these conditions do not depend on the choice of i.
Proof. Assume first that l ∈ C T (X) ∩ NS T (X) Q , and let us write l = (L, ν) with ν ∈ X (T ).
∈ X is semi-stable for l if and only if for all one-parameter subgroup
hence for all λ ∈ X * (T ) there exists χ ∈ X (T ) with v χ ≠ 0 such that ⟨χ, λ⟩ ≤ ⟨ν, λ⟩, which exactly means for ν to be in the convex hull of Π(x). This characterization extends by continuity to C T (X), and the same holds for stable points by replacing ≤ by <.
3 An expression of the set of unstable points
Unstable points for full torus actions on full flag varieties
Let G be a complex semi-simple connected algebraic group, let T ⊂ B ⊂ G be respectively a maximal torus and a Borel subgroup of G. Let Φ = Φ(G, T ) be the root system associated to T , and ∆ the set of simple roots relatively to B.
be a rational T -ample invertible sheaf on X = G B, and let l be a very ample representative of L ⊗n for some n > 0, which can be written as l = (L λ , q) for some λ and q ∈ X (where X denote the character lattice for T ). Remark we can take λ in X instead that in the weight lattice Λ up to taking some positive power of l.
Let W be the Weyl group of T .
We will call a one parameter subgroup ξ ∈ X * regular if X T = X ξ . Since X is a flag variety, the T -fixed points are exactly the x w = wB B with w ∈ W , and for ξ ∈ X * , being regular is equivalent to say that ⟨α, ξ⟩ ≠ 0 for all α ∈ ∆. Moreover, we will say that x ∈ X is unstable relatively to ξ ∈ X * if µ L (x, ξ) > 0. Then x ∈ X is unstable iff ∃ξ ∈ X * such that x is unstable relatively to ξ. We define forŵ ∈ W W (ŵ, λ, q) ∶= {w ∈ W, ∃ξ ∈ X * with ξ dominant regular , ⟨wλ −ŵq, ξ⟩ > 0}
Then we have the following description of unstable points for L :
With L, λ and q as previously, and if we denote by X w the Bruhat cell
is closed, this result is still true by replacing X w by their closures. However, writing the set of unstable points as a union of affine spaces could be helpful to compute the associated local cohomology groups.
Proof. Roughly speaking, the idea of the proof is to use the Hilbert-Mumford criterion when the one-parameter subgroup first runs in a dominant chamber of X * , and then to translate by elements of W .
Let ξ ∈ X * be a dominant regular one parameter subgroup, and let x = bwB B ∈ X for some b ∈ B and w ∈ W . Define
Since ξ is regular, x 0 lies in X T , and since it is dominant, seeing X ⊂ P(V λ ), we get that
Then we have ξ(t).v wλ = (wλ − q)(ξ(t)).v wλ and x is unstable relatively to ξ iff ⟨wλ, ξ⟩ > ⟨q, ξ⟩
Now let ξ ∈ X * be regular, but not necessarily dominant. In that case, there exists a uniqueŵ ∈ W such thatŵξ is dominant. Let x ∈ X, that will be written as x =ŵ −1 bwB B for some b ∈ B and w ∈ W . Then x 0 =ŵ −1 wB B, and x is unstable relatively to ξ iffŵx is unstable relatively toŵξ, ie.
⟨wλ,ŵξ⟩ > ⟨ŵq,ŵξ⟩
The last case if when ξ ∈X * is not regular. There exists a (non-unique!)ŵ ∈ W such thatŵξ is dominant. Let x ∈ X. Then it lies in some translated Bruhat cellŵ 
for some constants α χ (with α 0 ≠ 0). Then x is unstable relatively to ξ iff ∀χ ≥ 0, ⟨wλ + χ,ŵξ⟩ > ⟨ŵq,ŵξ⟩ which is, since χ has to be dominant, equivalent to the same condition for χ = 0. But this precisely means that the T -fixed pointŵ −1 wB B is also unstable relatively to ξ, hence x is unstable relatively to ξ iff the whole translated Bruhat cell is. It remains now to show that non-regular one-parameter subgroups do not involve extra unstable points.
Let x = bwB B ∈ X be unstable relatively to a non-regular dominant one-parameter subgroup ξ ∈ X * . Then by continuity, there exists a regular dominant ξ ′ ∈ X * Q such that ⟨wλ − q, ξ ′ ⟩ > 0, and ξ ′ can be chosen in X * (since x will also be unstable relatively to mξ ′ for positive m), and the same can be done when translating byŵ ∈ W . This completes the proof.
More general case
Let G, B, T be as previously, let P be a parabolic subgroup containing B. Set X = G P . Define ∆ P ⊂ ∆ as the set of simple roots α such that the one-parameter subgroup U α lies in the unipotent radical U of P . To P we will associate the subtoruŝ
of T , which can be seen as a "supplement" in T of the maximal torus T P ⊂ T of the Levi subgroup L P . LetX ∶= X (T ) andX * ∶= X *
(T ). The inclusionT ↪ T induces an inclusion
j ∶X * → X * . Let W P be the Weyl group of P and W P ∶= W W P . A coset wW P ∈ W P will always be represented by w ∈ W of minimal length. We would like to investigate on the unstable locus X us (l) forT -very ample invertible sheaf l = (L λ , q) on X = G P (with λ in the weight lattice Λ P of P , and q ∈X ) with the same kind of ideas than before. Now let us look at the main tools of the previous proof to see if it adapts in our new setting. First of all, we still have "enough" regular one-parameter subgroups inX * , and we do not have to muchT -fixed points in X, which are exactly the wP P with w ∈ W P . Let us denote by N the subset of nonregular one-parameter subgroups ofT . We will call a regular chamber a connected component ofX * R ∖ N R . Then for a given x ∈ X, we have the same limit x 0 for ξ in a fixed regular chamber. Indeed, if we write one-parameter subgroups as a linear combination of fundamental coweights, the previous claim is true since regularity coincides with coefficients being all nonzero.
The second problem is that in this new setting, we do not necessarily have aŵ ∈ W P sending a regular one-parameter subgroup inX * to a dominant one (where in this setting, ξ ∈X * dominant means j(ξ) is). One simple example that does not satisfies this condition is given by G = SL 3 with standard B and T , with P the parabolic subgroup associated to α 1 , andT =̟ 1 : here W P = {1, s 1 , s 2 s 1 }, and s 1̟1 and s 2 s 1̟1 are both different from −k̟ 1 for k > 0. We will ask for existence of such aŵ for each one-parameter subgroup in X * , and letŴ = {ŵ ∈ W P , ∃ξ ∈X * dominant regular s. ) is exactly W P , such aŵ ∈Ŵ is unique. Remark that for the case P = B, thenT = T andŴ = W .
In this setting, we can extend Proposition 3.1. Forŵ ∈Ŵ , define W (ŵ, λ, q) ∶= {w ∈ W, ∃ξ ∈X * with ξ dominant regular , ⟨wλ −ŵq, ξ⟩ > 0}
We get • An other interesting question is to know how the Schubert cellsŵX w 1 andŵ ′ X w 2 intersect for someŵ,ŵ ′ ∈Ŵ and w 1 , w 2 ∈ W P . One application would be to have a nice stratification of X us that would allow us to compute local cohomology groups with support in X us of invertible sheaves on X, and this would be helpful to compute cohomology groups of invertible sheaves on the quotient Y (l).
Case of a maximal parabolic subgroup
Description of S d
Let G, P, B, T be as in the previous section, such that P is a maximal parabolic subgroup of G, associated to the simple root α i , and let X = G P . To be in the previous setting, we have to takeT =̟ i (C * ). We have Pic(X) = Z ̟ i , and let l = (L λ , q) be â T -very ample invertible sheaf where λ = n̟ i with n > 0, and q = m̟ i . We also need the existence of a w ∈ W P sending −̟ i to̟ i , which has to be the longest word w 0,P (ie. W = {1, w 0,P }) since −̟ i lies in the closure of the antidominant Weyl chamber of X * , and since the stabilizer in W of Z >0̟i is exactly W P . Following the classification and notations in [1] , this is the case only in the following types :
-Type A n with odd n, and i = n+1 2 ; -Type D n with even n ; -Type D n with odd n, and i < n − 1 ; -Type E 6 with i = 2 or 4 We will first give an answer to the first question with the following proposition : Before starting to prove this proposition, remark that in this case, dominant regular weights can be expressed as r̟ i with r > 0. Let us denote s α j by s j , and define for k ≥ 0
We will state and prove the following lemma :
(1) Let w ∈ W P and α j ∈ ∆ such that s j w ∈ W P . Then
Proof. For (1), take µ ∈ X and write it as µ = ∑ m k α k . Then ⟨µ,̟ i ⟩ is just the coefficient m i . Hence the claim is equivalent to (wλ, α i ) ≠ 0, which is true since L λ is very ample.
(2) can be proven by induction on k, and by noticing thanks to (1) that if
′′ ≤ w, then the equality holds, hence we can reduce to the case of minimal w, w ′ , which have to be written respectively as s i u and s i v with u, v ∈ W
We will also use the following lemma, which is due to V. Deodhar (cf. [11] lemma 20, and [9] 
has a unique maximal element.
We will now prove Theorem 4.1.
Proof. The point (2) of previous lemma implies that S d is actually a W P (k) for some k,
hence it remains to show that it has a unique maximal element. Remark that maximal elements of W
. Let k > 0, and let w be a maximal element of W P (k). We will assume the following claim to be true : w can be written as w = us i v with u ∈ W P and v maximal in W P (k − 1). Then Deodhar's lemma gives us by induction the unicity of w : if we denote by v the unique maximum of W P (k − 1), then w is the maximum of C(w 0 , s i v).
It remains now to prove the claim. Let w ∈ W P (k) be maximal, and write it as w = us i v
, and this expression is reduced. Applying Deodhar's lemma again for C(w 0,P , s i v) shows that z = w, which shows the claim.
Remark. If we denote by X us ad the set of unstable points relatively to some antidominant regular one-parameter subgroup, then the theorem implies that X us ad = w 0,P X w for some w ∈ W P . Moreover, since the intersection of regular chambers closures is reduced to 0, X us d and X us ad are disjointed. Set
and denote its elements by w k where k corresponds to the W P (k) in which they are maximal. Let X w −1 = ∅ and let k max be the unique integer such that w 0,P = w kmax . Then we obtain the following corollary :
Remark. The maximal element of W P (k) can be explicited thanks to the following product ⋆ defined for w ∈ W and α j ∈ ∆ by
This product naturally appears as the limit of product in the Hecke algebra of W when the parameter q → 0, and this product is associative. This product also occurs when looking at the image product of preimages of Schubert varieties : for w, w ′ ∈ W , the image of the map
is projective, B-invariant and irreducible, hence it is a Schubert variety, which is X w⋆w ′ . More detail about this ⋆-product can be found in [3] . Then if we denote by z the longest word in W P , the maximal element of W
. We should also remark that the unicity of the maximum of W
, which will be denoted by v kmax−k+1 .
Thanks to the previous result, we know that the possible dimension of X us lies in the set D P ∶= {l(w), w ∈ M P }, which uniquely depends on the root system of G. Since in our case X is a flag variety, cohomology groups of its invertible sheaves are fully understood thanks to Borel-Weil-Bott theorem (cf. [4] for general G P ). Since 
is concentrated in top degree. But using Serre duality, it is also concentrated in degree 0, hence it is 0.
The claim for 0 < i < codim(X us (l)) − 1 follows from the previous discussion, and it is given by Serre duality for dim(X)
Note that when codim(X us (l)) < 2, this statement is empty.
Remark. We already know from [8] that Y is Cohen-Macaulay, but it is not necessarly factorial. Following the criterion for factoriality given in [7] 8. Saying that the quotient X ss → Y is geometric is equivalent to say that all strict inequalities defining X us (l) can be taken as large inequalities. Hence this condition can be restated as :
Example. The following examples are the one that led me to look at this problem of unstable points for torus actions on flag varieties, namely the quotients X C * in one of the following cases :
; all these cases being considered with trivial linearizations. It is shown in [5] 3.2 that these quotients are exactly the wonderful compactifications of symmetric spaces whose restricted root system is of type A 2 . Then the reduced expressions for w 0,P such that maximal suffixes of this expression having k occurrences of s i is exactly w k are respectively : [14] and [15] but this was done using local cohomology and Cousin complexes machinery.
Variation of quotients
We will say a few words about variation of GIT quotients in our case. Since P is a maximal parabolic, its Picard group is reduced to Z, and once we fix a very ample invertible sheaf L λ , a ray in NST (X) Q generated by aT -linearized ample invertible sheaf can be identified with a fractional character q ∈X Q ≃ Q having semi-stable points. By Theorem 3.2, having semi-stable points is equivalent to ∃w, w ′ ∈ W P , ⟨wλ − q,̟ i ⟩ ≤ 0 and ⟨w ′ λ + q,̟ i ⟩ ≤ 0 which is equivalent to the same condition with w = w ′ = w 0,P , ie. ⟨−λ,̟ i ⟩ ≤ ⟨q, ̟ i ⟩ ≤ ⟨λ,̟ i ⟩ Let q max ∶= ⟨λ,̟ i ⟩. The partition of CT (X) in wall and chambers will be equivalent to its induced partition of [−q max , q max ]. Remark that here, walls and cells coincide, since they both correspond to points in [−q max , q max ]. The walls will be given by q for which the quotient is not geometric, ie. ∃w ∈ W P such that ⟨wλ − q,̟ i ⟩ = 0 or ⟨wλ + q,̟ i ⟩ = 0
but the first condition being satisfied for w implies the second condition being satisfied for ww 0,P . Hence for q in a wall, there are both semi-stable points respectively to dominant one-parameter subgroups, and respectively to antidominant ones, which are not stable. We now can show the following : Remark. The maps f F,F ′ from the Proposition 2.2 give the collection of nonempty GIT quotients a structure of inverse system, and one can consider its inverse limit. Having such a nice description of unstable points of GIT quotients of X by̟ i , an interesting question would be to have a nice description of this limit X ̟ i . Such limits can be interesting to look at : for example, let V be a n-dimensional C-vector space. M. Thaddeus showed in [16] that one can in such a way obtain the moduli spaces of complete collineations from V to V of maximal ranks, of complete quadrics in P(V ), or of complete skew forms on V .
